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CONFORMAL MAPPING OF A FAMILY OF REAL CONICS 
UPON ANOTHER.* 

By T. H. Gronwall. 

1. Introduction. Let z = x + yi and w = u + vi be two complex vari- 
ables, and wiz) an analytic function of z; then the relation 

(1) w = w(z) 

defines a conformal map of the z-plane upon the wvplane. It is the 
purpose of the present paper to determine all functions w(z) such that 
there exists a family (containing at least one real parameter) of real 
conies in the 2-plane which is transformed by (1) into a family (obviously 
with an equal number of parameters) of real conies in the u?-plane. A 
summary of the results is given in the last paragraph. The particular 
case where the conies in the w-plane are straight lines parallel to the real 
axis has been investigated by Von der Muhllf and Meyer 4 The fact 
that x and y appear in (1) in the combination x + yi immediately sug- 
gests the use of the isometric coordinates 

z = x + yi, z — x — yi. 
We have conversely 

x = g (« + i), y = 2i(z - z), 

and 

x °- + rf- = z - z = j g |2. 

2. Equations of the straight line and circle in isometric coordinates. The 
equation of a straight line through x = p(S0),i/ = and perpendicular 
to the real axis is x = p or z + z — 2p = 0; replacing z by ze~ ai we 
obtain the equation of a straight line, the perpendicular on which from 
the origin is of length p and forms an angle a with the real axis : 

(2) e—'« + e ai z - 2p = 0. 



* Read before the American Mathematical Society, 

t K. Von der Mlihll, "Ueber die Abbildung von Ebenen auf Ebenen," Journ. f. Math., vol. 69 
(186S), pp. 264-2S5. 

{ Hans Meyer, " Ueber die von geraden Linien und von Kegelschnitten gebildeten Isothermen, 
sowie ueber einige von speciellen Curven dritter Ordnung gebildeten Isothermen," Diss. Gottingen, 
1S79 (Zurich, Ziircher und Furrer.l. 
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The equation of a circle with center at Z\ and radius r is ! z — z x j = r or 

(2 — 2i)(l — 2i) = r- or finally 

(3) zz — l\Z — Ziz + Z1Z1 — r 2 = 0. 

Consequently, the equation of a straight line or a circle may be written 
in the form 

(4) 2 = 3^R> 

where 

(5) ad — be = 1. 

When (4) is to be identical with (2), we find a = — fee"" 1 ', b = 2kp, 
c = 0, d — ke ai , the factor of proportionality being determined by (5), 
which gives k 2 — — 1. Consequently 

a = — eie~ ai , 6 = 2epi, 

(6) 

c = 0, d = eie al , e = ± 1, 

and the conditions that these equations shall be satisfied by real values 
of p and a, i.e., that (4) shall represent a real straight line, are 

(7) a = d, b + b = 0, c = 0. 

In the same way it is seen that when (4) represents a real circle with 
center z x and radius r, we must have 

(8) a = d, b + b = 0, c + c = 0, c * 0, 

(9) o-ei-, & = «t^r- — J, c = j, d=-eij, «=±1. 

3. Equations of the other conies in isometric coordinates. An ellipse (or 
hyperbola) with foci at 1 and — 1 and major (or transverse) axis 2a is 
defined by 

(10) 1 2 - 1 I ± I 2 + 1 1 = 2a. 

Transposing and squaring, we obtain 

(2 + l)(z + 1) = 4a 2 + (2 - l)(z - 1) - 4a ! 2 - 1 I 
or 

2a j 2 - 1 I = 2a 2 - z - z; 

squaring again and solving the resulting quadratic for z, we find 



I = (2a 2 - 1)2 ± V(4a 4 - 4a 2 ) (z 2 - 1), 
or writing 2a 2 — 1 = k and omitting the double sign before the square root, 



(11) z = kz + \{k 2 - 1)(2 2 - 1). 
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From the definition of k, it follows that k > — 1, and since a > 1 when 
(10) represents an ellipse, it is seen that (11) represents an ellipse when 
k > 1 but an hyperbola when 1 > k > — 1. When k = 0, the hyper- 
bola is equilateral. 
Replacing z by 

2z — z\ — z 2 

Z\ — Z 2 

in (11) we find as the equation of an ellipse or hyperbola with foci at zi 
and 2a 



(12) 



; Sl ~ l * i ll+ 22 k zi — z 2 , . 



2l — ^2 



+ - i -V(^-l) (2-20(2-^). 

*1 ^ *2 



The equation of a parabola with the origin as focus, the real axis as axis 
and the distance \p from focus to directrix is 

I z | = W + S + V) 

or squaring and solving for z, 

(13) z = z — p + 2iVpi. 

Replacing z by (z — Zi)e~'\ we find the equation of a parabola with 
focus at Zi and its axis forming an angle a with the real axis: 



(14) z = e~ Ui z + Si- z x e- Ui - pe~ ai + 2iVpe- 3o, '(z - z r ). 

From (12) and (14) it is seen that the equation of any conic which is 
not a circle or a straight line, may be written in the form 



(15) z = az + b + ^Ic? + 2dz + e, 

and that its foci are the zeros of the expression under the radical sign. 

4. Condition that two given one-parameter families of real analytic curves 
shall correspond in a conformal map. Let /(z, t) be an analytic function of 
z and t; for real values of t, the equation 

(16) 

defines a one-parameter family of analytic curves. At a point z = z , 
t = t where t Q is real, dfjdz + and /(z , U) = zo, the preceding equa- 
tion takes the form 

(17) I - lo = £ (a mn + ib mn )(z - Zo) m (t - t ) n , 

m-r-n>0 

where all a and b are real, and a 10 + ib i0 + 0. By Weierstrass' prepara- 
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ti,on theorem, this equation may be solved for z — z , giving as result a 
power series in z — z and t — t , and in order that (16) shall represent a 
family of real curves, it is necessary and sufficient that the solution of (17) 
in respect to z — z shall be identical with the result of changing all 
complex quantities into their conjugates in (17), or 

z — 2o = £ (a m „ - ib mn ){z - z<>) m {t — U) n . 

m+n>0 

Denoting by / or <p a power series in one or more variables, and by J or lp 
the result of changing its coefficients only into their conjugates, the 
necessary and sufficient condition that (16) represent a family of real 
curves is therefore that the equation 

(18) z = /(I, t) 

shall reduce to an identity in z and t upon substitution of the value of z 
given by (16). 
Now let 

(19) w = F(w, t) 

define a family of real analytic curves in the uvplane, and suppose that 
the analytic function 

(20) w = w(z) 

maps the 2-plane upon the u'-plane in such a manner that the curves (16) 
are transformed into the curves (19). A necessary condition is found by 
differentiating (20) : 

dw = w'dz, 

where w' = dw/dz, and taking conjugates, whence 

dw = ib' -dz. 

By means of (16), (19) and (20), the last equation becomes 

8Fdw J , dF , x tfdfj , df , \ 

Twdz- d2+ Tt dt = w U ds+ i dt )-> 

equating coefficients of dz and dt on both sides, and eliminating w', we 

obtain 

dF df 

dw dw _ dz 
{21) dFdJ~^- 

dt dt 

This condition is also sufficient, for if (20) is an analytic function inde- 
pendent of t which satisfies (21) the equation dw = w'dz becomes by (16) 
and (21) 
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die = -jp-dF(w, t), 

It 

so that ib is a function of F(w, t) alone, or 

(22) F(w, t) = <p(w). 

Taking conjugates, and observing that F(w, t) = w since (19) defines a 
family of real curves, we find w = ~<p(w), and consequently w = <p(w), 
so that the curves (22) into which (16) are transformed by (20), are 
identical with the given curves (19). Writing (21) for two different 
values of t, say t and t, we may eliminate dwidz and obtain 

dF fdF\ df /df 

(oi\ dwldw] _dzj dz 

dt \dt /(=<o dt \ dtl t=h 

If this is an identity in w, z and t, each member must be a function of t 
alone, say ^(0, and we have 

df dF 

(24) |? = <p(zm), H = HwW), Hw) J = v(z). 

Tt Hi 

In this case, the z- and wvplanes may be mapped on an auxiliary Z-plane 
in such a manner that the curves (16) and (19) correspond to a family of 
parallel straight lines in the Z-plane. For define the map of the z-plane 
on the Z-plane by 

,~s dZ , . 

(2o) Tz = (f{z)] 

the curves (16) are then evidently mapped into a family of real curves 
Z = G{Z, t) in the Z-plane, and we have the equation, corresponding 

to (21), 

dG df 

on dZdZ_dz 

(26) WTz~ di- 

et dt 

or using (25) and the first of (24), 

1 dG dG 

{2 ° +(t) ez et " u< 
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The left member being the jacobian of G and Z + f[dtfyp{i)], the latter 
expression is a function x(G) of G, so that the equation of the curves in 
the Z-plane corresponding to (16) is 

changing to conjugates, we have 

Z+ /J)-* (Z) 

so that, since Z = G(Z, t), 

Substituting in (27), we find 

x'(Z) — — — — = constant = a, 

m 

and \p and \p being conjugates, we have | a | = 1 or a = — e _2ai . The 
curves Z = (?(Z, () are consequently the parallel straight lines 



iiZ + e * iZ + fw) dt = - 



Conversely, it follows from (26) that when the curves Z = G(Z, t) are 
parallel straight lines, the quotient (dfjdz) : (dfidt) must be the product 
of a function of z by a function of t. We remark finally that when (23) is 
not an identity in w, z and (, this equation gives w as a function of z with- 
out integration, and if (16) and (19) are both algebraic curves, w(z) is an 
algebraic function of z. 

5. Cases where the conies in both the z- and the w-plane are all circles or 
straight lines. When a one-parameter family of circles or straight lines 
in the z-plane 

( 28) i = a ^ Z ±W ad - be = 1 

v ' c(t)z + d(t)' 

is mapped into the circles or straight lines in the u'-plane 

(29) u - C(t)w + D(t)' " " ' 
the equation (21) takes the form 

(30) (lz*- + mz + n)~ = Lw 2 + Mw + N, 
where 
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I = a'(t)c(t) - c'(t)a(t), 

(31) to = a'(t)d(t) - d'(t)a(t) + b'(t)c(t) - c'{t)b{t), 

n = b'(t)d(t) - d'(t)b(t) 

with corresponding expressions for L, M, N in terms of A, B, C, D. Giv- 
ing t a constant value t in (30), this equation takes the form 

dw dz 



L w 2 + M w + No Uz 2 + TOoZ + n ' 

using the well-known property of a fractional linear substitution on z to 
transform any circle into a circle, we may reduce the last equation to a 
simpler form. Denoting the zeros of loZ z + m^z + n by Z\ and z 2 (or the 
single finite zero by z x when l = 0), we have 

dz 1 z — Zi , (z — Zi\ . 

r-5— i 1 = r? \ « when Zi 4= z 2 , 

( z 2 + m z + n lo{Zi — Zi) z — z,. \z — z- 2 J ' 

d(z - Zx) " h = 0, TOo + 0, 



TO z — Zi 



-<k') 



U = m = 0, 



and making the linear substitution indicated by the form of the expressions 
to the right, as well as the corresponding substitutions on to, our equation 
may be reduced to one of the following four forms, k being constant : 



dw 

w 


= 


, dz 

z ' 


dw 


= 


dz 


dw 
w 


= 


dz, 



(32) 



dw = dz. 

Consider first the case (32 1). Substituting the value of dw dz from this 
equation in (30) the latter, becomes 

Lzw- + [- Hz 2 + (Af - km)z - kn]w + Nz = 0; 

differentiating, and substituting the value of du dz from (32 1), we find 
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(2k + \)Lziv- + {- k(k + 2)lz 2 + (k + 1)(M - km)z - F-n]w + Nz = 0, 
and subtracting and dividing by kw, 

2Lzw - (k + l)lz 2 + (.If - km)z - (k - l)n = 0. 

Differentiating, substituting the value of dw dz, and eliminating w, we 
obtain 

(k 2 - \)lz 2 - k(M - km)z + (k 2 - l)n = 0. 

When k = ± 1, (32i) gives w = const, z and w = const. \z respectively, 

and these linear substitutions transform every circle into a circle. When 

k 2 4= 1, we have 

1 = 0, M = km, n = 0, 

the preceding equations give 

L = 0, N = 0, 

and (30) reduces to (32 1). 

In discussing the equations I = n = 0, we distinguish two cases. 
First, let a + 0; then, by (31), I = gives c = Ci<x, and n = 0, b = c 2 d, 
where Ci and c 2 are constants. By the conditions of reality (7) or (8), we 
have d = a so that 6 = c»a, hence a = constant would make b, c and d 
constants, and our family of circles would reduce to a single circle. Equa- 
tion (5) now gives aa{\ — CiC 2 ) = 1, and c + c = 0, c x a + did = 0, or 
multiplying by a and using the preceding equation, Ci(l — CiC 2 )a 2 + c 2 = 0; 
since a is not a constant, we must have C\ = c 2 = or b = c = 0. From 
(6) it now follows that 

a = — eie - *', d = «ie", p = 0, 

so that (28) represents all straight lines through the origin, and (31 2 ) gives 

The second case, a = 0, gives d = a = 0, and consequently I = n = 0. 
Since now c 4= by (5), it follows from (9) that 

b = eir, c = 7» 2i = 0, 

so that (28) represents all circles with the origin as center, and by (31) 

dr 
m= ~ 2 Jf 

Similarly, the equations L = N = give rise to the straight lines through 
the origin with 
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,.<U 

dt 
and the circles with the origin as center with 



A = - eie-*', D = de*\ M = - 2i-r 



Since d, d, r and R are real, the equation M = km now shows that the 
constant k is either real or purely imaginary. In the former case, the 
straight lines through the origin correspond in the two planes, and so do 
the concentric circles. When k is purely imaginary, the straight lines 
in one plane correspond to the circles in the other. 
Proceeding to the case (32 2 ), we obtain from (30) 

Lw 2 + Mw + N - Iz - m - - = 0. 

z 



Differentiating, using (32 2 ) and multiplying by z, we find 

2L 
and repeating this process, 



2Lw + M - Iz + - = 0, 

z ' 



2L - Iz - - = 0, 

z ' 

whence I = n = 0. Hence, as in the preceding case, the curves (28) are 

the straight lines through the origin and the circles with the origin as 

center. On a line through the origin, we have z\z = constant, and hence, 

by (32,), 

j- j dz dz 

die — dw = — = 0, 

2 Z ' 

or ic — w = constant. Similarly, for a circle with the origin as center, 
zz = const., and by (32>), ic + w = const. Consequently, in the case 
(32 2 ), w = log 2 + const, maps the straight lines through the origin in 
the z-plane into the lines parallel to the real axis in the tt-plane and the 
circles with the origin as center in the 2-plane into the straight lines parallel 
to the imaginary axis in the u'-plane. The case (32 3 ) reduces to the pre- 
ceding upon replacing z by w, and (32 4 ) obviously transforms all circles 
or straight lines into circles or straight lines. 

6. Cases where the conies in one plane are neither circles nor straight lines. 
Permuting w and z if necessary, we may assume that the conies in question 
lie in the 2-plane and have the equation (15) with coefficients depending 
on t, or 
(33) z = a(t)z + b(t) + \c(t)z- + 2d(t)z + e{t). 
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When the corresponding conies in the u - -plane are the straight lines or 
circles (29), equation (21) becomes 

1 die 



(34) 



Lie- + Mw + N dz 



a ^cz 2 + 2dz + e + cz + d 



(a'z + b') \cz- + 2dz + e + \(c'z 2 + 2d'z + e') ' 



where a' = da(t)/dt etc., and L, M and N are defined by (31). 
When the conies in the w-plane are 



(35) w = A(t)w + B(t) + <C(t)w- + 2D(t)w + E(t), 

equation (21) becomes 



A \Cw- + 2Dw + E + Cw + D dw 

(A'w + B') <Cw 2 + 2Dw + E + i(CV + 2D'w + E') dz 

(36) ^_ 

a^cz- + 2dz + e + cz + d 



(a'z + b') <cz- + 2dz + e + %(c'z 2 + 2d'z + e') 

The foci of the conies in the z-plane being the branch points of the radical 
in the right-hand members of (34) and (36), we shall distinguish the case 
when one at least of these foci is variable with t from the case where the 
foci are fixed, and the former case will be subdivided according as the 
variable foci are or are not branch points of the right-hand members in 
(34) and (36). 

7. Cases where the conies in the z-plane have a focus variable with t but 
which is not a branch point of the right-hand member in (34) and (36). When 
z turns around the focus in question, the radical in (33) changes its sign, 
and by hypothesis, the right-hand member in (34) or (36) remains un- 
changed. Being a linear fraction in the radical, this right-hand member 
must consequently be independent of it, that is 

§a(c'z 2 + 2d'z + e') - (a'z + b')(cz + d) = 0, 
whence 

ac' - 2a'c = 0, 

(37) ad' - a'd - b'c = 0, 

ae' - 2b'd = 0. 

First, assume that a(t) is not identically zero. The differential equations 

(37) are then readily integrated and give 

c = C\a 2 , 

(38) ^ - Cl 6 + c 2 , 

e = Cife 2 + 2cob + c 3 , 
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where C\, c 2 , c 3 are constants. Assuming our conies to be the central 
conies (12), where A. - , z x and z 2 now depend on t, (38 1) gives 

k- - 1 

so that k is a constant; (38 2 ) now becomes 

tf - 1 



2k 



(«i + Zi) + c, = 0, 



so that Z\ + z-i is a constant, which may be made equal to zero by a 
change of origin. Hence z 2 = — Z\, c 2 = and b = 0, (38 3 ) gives 
(I — k-)z{- = c 3 , so that z x is a constant, and we have a single conic instead 
of a family. When our conies are the parabolas (14), we have c = 
whence Ci = by (38i), and (38 2 ) becomes 

- 2pe~ ai = c 2 , 

so that both p and a are constants. By a rotation of the axes, we may 
make a = 0, and (38 3 ) becomes 4p(p — li) + c 3 = 0, so that Zi is a 
constant, and we have again a single conic instead of a family. There 
remains the case where a(t) = 0, and since the coefficient of z in (14) is 
different from zero, we have only to consider (12) with k = 0, representing 
a family of equilateral hyperbolas. Since c + 0, (37») gives b' = or 
z\ + 22 = const., and (37 3 ) is satisfied; moving the origin, we may make 
the constant equal to zero, so that z 2 = — Z\, and (12) becomes 



(39) 






z 


= - 1 ^ ~ 


z 2 


Writing 












(40) 








Zi = re", 




we have 












(41) 


c = 


— e~ 


49i 

J 


d = 0, 





e = r-e , 

and the right-hand member of (34) and (36) being independent of the 
radical, it is equal to 

2cz 

Consider first the case where the z-plane may be mapped on an auxiliary 
Z-plane, the conies in the z-plane corresponding to parallel straight lines 
in the Z-plane. By § 4, this is the case when (42) becomes the product 
of a function of z by a function of t, which is possible in two ways : c' = 
or c' +0 and e'/c' constant. Assuming c' = 0, it follows from (41) that 6 
is a constant (that is, a parameter independent of 0- By (25) and (42), 
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we obtain dZ/dz = 2z, so that making the integration constant zero by 
moving the origin of the Z-plane 

(43) Z = z 2 , 

and by (39) and (41), it is seen that the family of all equilateral hyper- 
bolas with the origin as center (having two parameters r and 8) 

(44) e- 2 "z 2 + e 2$i z 2 = r 2 

is transformed by (43) into the family of all straight lines in the Z-plane 

(45) e--»Z + e m Z = r 2 . 

In particular, giving 6 a constant value, (44) becomes the family of 
all equilateral hyperbolas with the origin as center and their foci on the 
straight line Zi = re*', while (45) represents parallel straight lines. For 
those lines (45) which pass through a fixed point Z = a 2 e 2ai we have 

r 2 = e- 29i Z + e 2ei Z = 2a 2 cos 2(6 - a), 

and the corresponding equilateral hyperbolas in the z-plane have their 
foci at 

(46) ± «i = ± a<2 cos 2(0 - a) -e ei . 

The equations of the hyperbolas and straight lines in question are 

e~ 2ei (z 2 - aV-') + e 2ei (z 2 - a 2 e~ ui ) = 0, 

e~ 2ei (Z - a 2 e 2 "') + e 2ei (Z - a 2 e~ u< ) = 0. 

Multiplying z and Z by suitable constants, we may make a = 1 and 
a = 0, and it now follows from (25) and (42) that the function 

(47) Z = log (z 2 - 1) 

maps the one-parameter family of equilateral hyperbolas 

(48) e~ 2$i (z 2 - 1) + e 2ei {z 2 - 1) = 
with center at the origin and foci 



(49) ± zi = ± V2 cos 2de ei 

situated at the end points of the diameters of a lemniscate with its foci 
at ± 1, upon the straight lines 

(50) Z -Z = - (l + 4e ) i 

parallel to the real axis in the Z-plane. 

We now pass on to the cases where c' + and e'/c' is not independent 
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of t; from the remark at the end of § 4, it follows that w is an algebraic 
function of z. Let us assume first that the conies in the w-plane are the 
straight lines or circles (29); by (42), it follows that (34) becomes 

,„,,. 1 dw 2cz 

(ol) 



Lw 2 + Mw + N dz c'z + e' ' 

and giving t a constant value, making a linear transformation on w accord- 
ing to (32), and observing that w must be an algebraic function of z, we 
obtain from (51) 

1 dw _ 2mz 

w dz ~ z- + Ci 2 ' 
whence 

w = {z- + d 2 )" 1 , 

where m is real and rational. Replacing, if necessary, w by ljiv, we may 
assume m > 0, and substituting in (51), we find 

m(z 2 + c?) m -\c'z 2 + e') = cL(z 2 + ci ! ) lm + cM^- + c 1 i ) m + cX. 

Letting z — co , we find L = 0, mc' = cM, so that the preceding equation 
becomes 

m(z 2 + cf) m -\e' - dV) = cN, 

and since e' — c-fd is not identically zero by hypothesis, we must have 
m = 1, whence, moving the origin in the u'-plane, so that Ci = 0, 

w = 2 2 . 

Since (44) represents all equilateral hyperbolas in the 2-plane with the 
origin as center, it follows at once that the present case reduces to that 
defined by (43), (44) and (45) upon replacing w by Z. In the second place, 
assume the conies in the u'-plane to be (35) ; since w is an algebraic func- 
tion of z, and the right-hand member in (36) is (42) and has no branch 
points variable with t, the same must be true of the left-hand member, 
i.e., this must be of the type (42) unless the foci of (35) are fixed. Conse- 
quently (36) reduces to 

2Cw dw _ 2cz 
C'w 2 + E' dz ~ c'z 2 + e' ' 

Giving t a constant value and multiplying w by a suitable constant, we 
obtain a differential equation giving upon integration 

w 2 + c» 2 = (z 2 + Cl 2 )"\ 

where m is rational since w(z) is algebraic. Substituting in the preceding 
equation, we obtain 
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imCc' - cC')(z- + d 2 )" 1 + mC(e' - d 2 c')(z 2 + d 2 )" 1-1 - c(E' - d 2 C) = 0, 

and if to + 1, it follows that e' = c{-c' contrary to hypothesis. Hence 
to = 1, and writing d 2 instead of c-c — d 2 , we find 

(52) w- = z" + d 2 

where d may be assumed real (multiplying z and w by a constant). 

Noting that (44) represents all the equilateral hyperboles (39) under 
consideration, it follows at once that (52) transforms the two parameter 
family of equilateral hyperbolas (44) into itself with a changed para- 
meter r: 

(53) e~ w w- + e™ic- = r 2 + 2d 2 cos 20. 

There finally remains the case where the foci of (35) are fixed, and per- 
mutating z and w, this falls under the cases treated in § 9 and 10. 

8. Cases where the conies in the 2-plane have a focus variable with t which is 
a branch point of the right-hand member in (34) and (36). In any such case, 
the right-hand member in (34) and (36) cannot be of the form <p(z)\{/(t) 
since the branch points of <p(z) are fixed. By the remark at the end of § 4, 
w is therefore an algebraic function of z. Now the branch points of the 
left-hand member in (34) are those of w(z) and consequently fixed, while 
the right-hand member has at least one variable branch point by hypo- 
thesis. This case is, therefore, excluded and there remains the case (36) 
where the left-hand member cannot be independent of the radical (in 
which case all the branch points would be fixed). Hence we may solve 
(36) for the w-radical and obtain 



(54) V(u> — wi)(w — Wt) = <p(z, t) V(z — 2i)(z — z 2 ), 

where u'i = w\(t) and «' 2 = w 2 (t) are the foci in the u'-plane, both sup- 
posed variable, and similarly z x and z 2 the variable foci in the z-plane; 
<f(z, t) is rational in z, w and dw/dz and is, therefore, an algebraic function 
with fixed branch points (viz., those of w). If only one focus in the 
uvplane is variable, we divide by the factor Vu> — w 2 which is independent 
of t, and obtain 
(54a) -4w — u'i = (fiz, t) V(z — Zi)(z — z 2 ), 

where the branch points of the algebraic function <p(z, t) are now those 
of w and eventually also the points where w = w?., that is the branch 
points of <p are again fixed. There are similar modifications when only 
one focus in the z-plane is variable. In (54), <p(z, t) cannot have a fixed 
zero except z = » since for such a zero z we must have w(z ) = wi(t) or 
tt'2(0, while both the latter are variable. Moreover, <p(z, t) cannot have a 
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variable zero zit) since, excluding those constant ^-values for which z(t) 
coincides with one of the (fixed) branch points of <p, or for which wi(t) 
= u'i(t), we have then a holomorphic expansion 

<p(z,t) = <p (t)(z -z{t)) + ■■■ 

and (54) gives, assuming for instance that w = wi(t) for z = zit), 

w = Wl (t) +\(t)(z -z(t))™+ ■■■, 

where m S 2, and consequently 

■^ = for z = z(t), 

which is impossible, the zeros of dw'dz being fixed. Similarly, we see 
that <p(z, t) can have no pole variable with t. Hence z = Zi(t) makes the 
radical to the left in (54) vanish, so that w = w x (t) or w 2 {t). Consequently 
w takes only two values for each value of z, and in the same way it is 
seen that z takes only two values for each value of w, so that the algebraic 
equation connecting w and z is of the second degree in either (in the case 
(54a), it is of the first degree in w). By (54), <p 2 is therefore a two-valued 
algebraic function of z and satisfies an equation of the form 

a(z, iV + 2/3(2, t)<p> + 7 (z, t) = 0, 

where a, and y are polynomials in z, and since <p has no zero except 
z = oo and no pole variable with t, it follows that 

y{z, t) = y(t), a(z, t) = a(z) ai (t), 
and we find 

, _ - 0(z, t) ± Vfflz, ty- - a(z)a l (t)y(t) 

*' a(2)«i(0 

But if- has no branch points variable with t, and consequently 

0(2, 2 = a{z)ay{t)y{t) + h{z)h l {t) 

where biz) is a polynomial. If 5(z) equals a constant times aiz), it is 
seen at once that <p 2 takes the form 

v 2 =-rnx(t). 

1a(z) 

Suppose now that 5(z) and aiz) are linearly independent; any zero of 
/3(z, which is variable with t must satisfy the equations 

a(z) -aiy + hiz) -5i = 0, 

a'(z)-ctiy + 5'(z)-5i = 0, 
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and consequently a(z)5'(z) — a'(z)5(z) = 0, so that §(z) = const. a(z) 
contrary to the hypothesis. Consequently the zeros of I3(z, t) are fixed, 
so that p(z, t) = /3(z)0i(O, and the identity 

P(z)*Pi(fi s = a(z)a x (07i(0 + 8(*)«i(0 
gives 

n , N d «i7 , ., x d 5i 

= a{z) -JtW +5(z) 'di0?'' 

the linear independence of a(z) and S(z) requires that Pi(t)- = const. 
«i(0t(0> 5i(0 = const. ai(t)y(t), and ^ 2 takes the form 



^ 2= Mo.^ (2) . 

\ai( 



i(0 
It is thus shown that (54) may always be written in the form 

(55) (w — Wi)(w — w«) = \p(z)x(t)(z — Zi)(z — z») 
(and similarly 54a) . Now differentiate in respect to t : 

- (u'i + w 2 )'-w + (wiWi)' = \p(z)[x'z- — (x(«i + 22)) '2 + (XZ1Z2)'], 

and if (u'i + u' 2 )' and (w'iU'2)' are linearly independent, we may eliminate 
\p(z) by writing this equation for two different values of t and dividing 
member by member, thus obtaining w as a rational function of z. In this 
case, writing (55) in the form 

(z - «0(z - z 2 ) = ^-y • ^y(w - tCi)(tl> - Wt), 

and proceeding in the same way, we find that when (21 + z 2 )' and (ziz 2 )' 
are linearly independent, z is also a rational function of u\ that is, the 
algebraic equation connecting w and z is of the first degree in either. The 
degenerate cases like (54a) lead to the same conclusions, and permuting 
eventually w and z, we see that there are only two cases to be considered: 
First, the relation between w and z is 

az + 

w — i — i> 

72+5' 

(a, (3, 7, 5 constants) and second, a linear relation exists between (z 1 + z 2 )' 
and (Z1Z2)'. In the first case, suppose y 4= 0; replacing w and z by 
expressions of the form Iw + m, nz + p, the relation between them may 
be reduced to the form 

(56) w = \ 
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and our conies in the z-plane, which are not circles or straight lines by 
hypothesis, are transformed into curves of the fourth degree in the w- 
plane.* 

U _ — V 

X ~ u'- +7*' V = u= + v- ■ 

There remains the assumption 7 = 0, or 

(57) w = mz + n, 

which evidently transforms the five-parameter family of all real conies is 
the 2-plane into the corresponding family in the u'-plane. 

In the second case, we have either (si + z 2 )' = 0, so that z x + z 2 = c u 
or (ziZo)' = c 2 («i + z 2 )', so that (z x — c 2 )(z2 — c 2 ) = c 3 . By suitable 
linear transformations, these relations are reduced to the forms Zi + z 2 = 
and Ziz 2 = 1 respectively. 

First, let 

2l (0z 2 (0 = 1, 

and denote by 

G(z, w) = 

the algebraic equation connecting z and w, and which is of the second 
degree in z. Since Z\(t) and z 2 (t) are the two roots of the equation 

G(z, Wl (t)) = 0, 

and Wi(t) is variable, it follows that for any w, the two roots of G(z, w) = 
are z and 1/z. The two equations 

G(z,w) =0 and g(|,w)-0 

being identical, it follows that both transform the given family of focal 
conies in the z-plane into the given family of conies in the w-plane, and 
consequentlv the relation 

z-l 

Z 

transforms our family of focal conies in the z-plane into itself, which con- 
clusion we have recognized as impossible in connection with (56). 
Now let 

2l(0 + 2-2(0 = 0, 

so that d = 0, and by (12), 6 = 0. By the same argument as before, it 
follows that the two roots of G(z, ic) = are z and — z. Moving the 
origin of the zf-plane, we may assume that one of the branch points of the 



* This is most readily seen by using rectangular coordinates and transforming an equation 
of the second degree in x and ij by the formulas 
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algebraic function z(w) is w = 0. When w makes a circuit about the 
origin, z changes into — z. Now e(t) is not identically zero, since then 
Z\ = z« — 0, and if E(t) is not identically zero, we may choose an e > 
and an interval for t such that j e(t) | > e, | E(t) \ > e. flaking the 
circuit about w = _0 sufficiently small, it will not, therefore, enclose any 
branch point of VCV J + 2Dw + E or of \cz- + e, and the result of con- 
tinuing (36) analytically along this circuit is then, remembering that 
b = d = 0, 



A 4Cw 2 + 2Dw + E + Cw + D dw 



(A'w + B') ^Cw 2 + 2Dw + E + \{C'w 2 + 2D'w + E') <*(- z) 







ascz- ■ 


■He 


— cz 








— a'z -\cz- + i 


e + 
cz 


\{c'z 2 


+ 


e') 


— 


a -\cz 2 


+ e + 





Comparing this to (36) we find 

a Vca 2 -H e + cz 
a'z<cz- + e + \{c'z 2 + e') ~ - a'z <cz- + e + Wz 2 + e')' 

which is exactly the condition, investigated in § 7, that the right-hand 
member in (36) shall have no variable branch point. This case is there- 
fore to be discarded, and we must assume that E(t) vanishes identically. 
Then w 2 = 0, G(z, w) is of the first degree in w, and G(z, w) = G{— z, w) 
identically ; since w = is a branch point of z(w) , it follows that G(z, w)=0 
takes the form 

az 2 



w = 



&z 2 + y ' 



According as /3 4= or j3 = 0, this reduces, upon multiplying z and w by 
suitable constants, to 



and the conies 

and 

correspond. 

In the first case, 



2r 

w = , i i or w = z 2 
z 2 + 1 



z = az -H Vcz 2 + e 
w = Aw + B + ^w(Cw + 2D) 



« = ^nTT + B + * + i ' 

and since we also have 

-<> 
z- 
w = 



z- + V 
it follows that 
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(A + B)z 2 + B + z<(C + 2D)z 2 + 2D 



(58) * + ' 



(a 2 + c)z 2 + e + 2az Act- + e 



(a 2 + c)z 2 + e + 1 + 2az <cz 2 + e ' 

When o = 0, the conies in the 2-plane are the equilateral hyperbolas 
(44) which are mapped by Z = z 2 on the straight lines (45), and 



w = 



Z+ 1 



maps these on straight lines or circles in the w-plane, instead of on focal 
conies. Hence a 4= 0; making z = ± i in the equation above, it follows 
that — A±ia/— C = 0orA = C = (since we cannot have 



e + 1 — a 2 — c ± 2aiVe — c = 0, 

which would imply c = eor2i 2 = — 1). 

Therefore, the left-hand member in (58) has no branch points, while 
the right-hand member has the branch points ± z\, since a 4= 0, so that 
this case is impossible. 

There finally remains the case 

(59) w = z 2 , 

transforming the family of conies (12) with z 2 = — Zi or 



Zl , Zi 



(60) z = kf^z + ^^k 2 - l)(z 2 -z 1 2 ) 

and having three parameters k, r, d, into the conies (with w* = on 
account of E = 0) 

l7'i 1 — K _ -!?i 



(61) tc = K ^ w + i-y^ ifx + ^ V(X 2 - l)u-(ti- - tcO ; 

by (54a), it follows that w = Wi for z = z u or by (59) Wi = Zi 2 , and 
writing the conditions that (61) shall result from (60) by means of (59) 
in the same manner as in the preceding case, we find that these conditions 
reduce to K = 2A' 2 — 1. Thus the elements of the conies (61) expressed 
in terms of those of (60) are 

(62) wi = zi 2 , wt = 0, K - 2k 2 - 1. 

In the particular case k = 0, we obtain (44) and (45). 

9. Cases where the conies in the z-plane are ellipses or hyperbolas with both 
foci fixed. Placing the foci at z = ± 1, the equation of our conies is (11), 
and the right-hand member in (34) and (36) becomes 
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AV(A 2 - l)(z- - 1) + (A' 5 - 1)2 VA 2 - 1 1 

A'zMA 2 - 1)(Z- - 1) + AA'(z 2 - 1) ~ " k' ' -&T^l' 

Since this is a product of a function of z by a function of 2, the case men- 
tioned in the last sentence of § 7 cannot occur here. According to (25) 
we now write 

dZ _ _J_ 

dz >£^T' 
whence 



(63) Z = log (z + \z 2 - 1), z = §(e z + e- 7 ), 4F-1 = W z - e~*), 
and introducing this in (11), we find 



e* + e~ z = (A + Vfc s - l)e* + (A - VA 2 - l)e~ z , 
and this quadratic in e* evidently has the two roots 



e z = (jfc + VA 2 - \) e z , (A - VA 2 - l)e~ z . 
Hence 
(64) Z - Z = log (A + VF^TQ, 

which represents a real straight line, viz., a parallel to the real axis, when 
and only when 1 > A > — 1, that is, when the conic in the z-plane is a 
hyperbola, or 



(65) Z + Z = log (A - VF-1) = - log (A + VF-l) 

representing a real straight line, parallel to the imaginary axis, when and 
only when k > 1, the conic being then an ellipse. Changing Z into iZ 
in (63), we find 

(66) z = cos Z, 

transforming the ellipses and hyperbolas into parallels to the real and 
imaginary axes in the Z-plane respectively.* 

* Writing Z = log w in (63), so that 

it follows that the ellipses and hyperbolas with foci at z = ±1 are transformed into the circles 
with center at the origin and straight lines through the origin respectively in the u'-plane. This is 
readily verified from first principles, thus: We have 

and for w = pe**, 

I 2 ± 1 I =41 pM« ± p-ie-W | 2 

= l(phei& ± p-ie-i#i)(ple-i*i ± p-JeJ»») 



-i(' + i) 



± COS t>, 
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10. Cases where the conies in the z-plane are parabolas with fixed focus. 

Placing the origin at the focus, the equation of our parabolas is according 

to (14) : 

2 = e~ m z — pe~* + 2ie~ iei ypz, 

which may also be written 

(67) e**Vz — e~**Vl = iVp, 

and the right-hand member of (34) and (36) is, by (21) 

dz d VI 

dz _ dz 

dz ~ d VI ' 

dt ~~dT 
or using (67), 

(68) — — P . 

; - 2id'z + e»"(0'p* + ip-ip') VI 

Consider first the cases where this expression is the product of a function 
of z by a function of t, namely, 8' = and 

(69) e»*(0'p* + ip-^') = - 2i<c[d', 

where Ci is a constant and 6' + 0. In the first case, $ = const., the axis 
of the parabolas (67) is fixed and may be taken as the real axis, so that 
0-0. Now (25) and (68) give 

dZ_ J_ 
dz o<l' 
and we have the result that 

(70) Z = \i 

transforms the one-parameter family of parabolas with focus at the origin 
and the real axis as axis 

(71) VI — VI = iVp 

into the straight lines parallel to the real axis 

(72) Z - Z = i Vp. 

In the second case, the differential equation (69) is readily integrated 
and gives 

Vp = — i Vcie -i " + c 2 e*" 

whenee, for p constant, the ellipse 

|* + 1| +|*-1| -p+-, 
p 
and for i> constant, the hyperbola 

| z + 1 1 - | z - 1 | - 2 cos <J. 
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c 2 being_the integration constant, and since \p is real, we must have 
c 2 = z'"NCi or 

■Vp = — i\cle _i< " + iycie iSi . 

Now (25), (68) and (69) give 

dZ_ 1 1 

multiplying z by a constant we may assume that Vci is real, and we have 
the result that 

(73) Z = log ( <i + V£) 

transforms the one parameter familj r of parabolas with focus at the origin 
and passing through the fixed point z = Ci 

(74) e* w ( \l + -vcO - e-^'X Vs + Vcl) = 

into the straight lines 

(75) Z - Z + 6i = 
parallel to the real axis. 

When (68) is not the product of a function of z by a function of t, we 
know from § 4 that w is an algebraic function of z. Consider first equa- 
tion (34) which becomes by (68) 

(76) X dw l 



1 dw 
w dz 


1 
"2 Z 


m 


V? 


w = 


(Vi 


+ c x ) 


m 



Lu,- 2 + JWw + N dz " - 2i6'z + e^(d'p i + tp-»p') Vi ' 

giving a constant value to t, making a linear transformation on w accord- 
ing to (32), and remembering that w must be algebraic, we obtain 



whence 



with m real and rational. Substituting in (76), we see as in the case of 
equation (51) that m = 1, so that we may make Ci = by moving the 
origin in the w-plane. From (67) we now immediately have the result that 

(77) w = Va 

transforms the two-parameter family (67) of all parabolas with focus at 
the origin into the two-parameter family 

(78) e w w — e~ i9i w = iVp 
of all straight lines in the uvplane. 
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Next we take up equation (36) with at least one variable focus in the 
w?-plane. This focus cannot be a branch point of the left-hand member 
of (36), since the right-hand member, or (68), has no variable branch 
points, and we have therefore in the w-plane the case treated in § 7 for 
the 2-plane, so that, according to (42), equation (36) becomes 

,„. 2Cw dw 1 

(/9) 



C'w 2 + E' dz " - 2id'z + ei*(0'p* + ip-ty) Vz ' 

Giving t a constant value, and multiplying w and z by suitable constants, 
we obtain a differential equation which gives upon integration 

"& + Cz = (w 2 + Ci) m 

and substituting this in (79), we obtain m = 1 as before. Replacing 
Ci — Ci by — Vc^, we have the result that 

(80) w- = <z+ Vc"i, 

where we may assume a/c^, real, transforms the two-parameter family (67) 
of all parabolas with focus at the origin into the two-parameter family 

(81) e iei w 2 - e- i$i w 2 = i( rp + 2 <c[ sin §0) 

of all equilateral hyperbolas with the origin as center in the w-plane. 

Finally, consider equation (36) with fixed foci in the uvplane. By § 9, 
confocal ellipses or hyperbolas in the w-plane would give (68) the form of a 
product of a function of z by a function of t, which case is excluded by 
hypothesis. Hence the conies in the u'-plane are parabolas, and we may 
take the common focus as origin. The parameters of these parabolas 
being P and #, (68) shows that (36) takes the form 

1 dw 



(S2) - 2Ww + e*"(&'P* + iP-tP') Vu> dz 



- 2i6'z + e w {e'v' i + ip~ h v') *£" 

Giving t a constant value, multiplying z and w by suitable constants and 
integrating the resulting differential equation, we find 

xw + >/c7 = ( -\z + a/cI) m 

and substituting in (82), it is seen as before that m = 1 (and c 2 = 0, C\ 
real), whence the result that 

(83) <w = Vi + a/cI 
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transforms the two-parameter family (67) of all parabolas with focus 
at the origin into itself with a changed parameter p : 

(84) e w \lb - e-w Vir = i( Vp + 2 Vcl sin £0). 

11. Summary of results. Replacing z and w by az + b and ato + /3 
respectively, or by (az + b) Jicz + d) and (aw + 0)j(yw + 8) when the 
conies involved are circles, and interchanging z and w when necessary, we 
may reduce our conformal maps to the following types, arranged according 
to the number of parameters in the families of conies : 

Five parameters (one type) : 

I. w = z; 

any conic in the z-plane is transformed into the same conic in the w-plane. 
Three parameters (two types) : 

II. w = 1/z; 

any circle or straight line is transformed into a circle or straight line. 

III. w = z-; 

denoting the parameters by k, r and 9, any ellipse (k > 1) or hyperbola 

(1 > k > - 1) 



Zl , Z\ 



Z = fc^Z+^V^-D^-Z! 2 ) 
Zl Zi 



with center at the origin and foci at 

zi = re Si , z 2 = — zi 
is transformed into the ellipse (k > 1) or hyperbola (1 > k > — 1) 

w = X — u> H ?, — #i H V(X 2 — 1)«'(mj — to i) 

with K = 2A; 2 — 1 and foci at 

u'i = Zi 2 = r 2 e Mi , w 2 = 0. 
In the special case k = 0, the equilateral hyperbolas 

e- 29i z 2 + e 2 * 1 '! 2 = r 2 
with center at the origin go into the straight lines 

e~- ei w + e- H w = r-. 
Two parameters, denoted by r, 6 or p, 6 (four types) 
IV. w- = z 2 - 1 ; 
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any equilateral hyperbola 

with center at the origin and foci at z x — re H , z 2 = — Z\ is transformed 
into the equilateral hyperbola 

e -2H w 2 + e 2» i(Z ,2 = r 2 _ 2 cos 20 

with center at the origin and foci at 

Wi — Vr 2 — 2 cos 20 e 9i , Wo = — w\. 

In the special case r- = 2 cos 29, we have a pair of perpendicular straight 
lines through the origin in the u'-plane. 

V. w = z 2 ; 
any straight line 

e -a«2 — e -i< "'z = i Vp 

is transformed into the parabola 

e -*«» -^ _ e -j« 4w = iyfp 

with focus at the origin and at a distance §p from the directrix, 6 being 
the angle between the axis of the parabola and the real axis in the tc-plane. 

VI. w - (z 2 - Ci) 2 , where d = or 1; 
any equilateral hyperbola 

e Wf- _ e -i<x z 2 = z -( ^ + 2 Cl sin §0) 

with center at the origin and foci at 

2l = e K»-ir)«-( Vp + 2ci sin $0)*, z 2 = - zi 
is transformed into the parabola 

€* w V i7' — e -iW \w = i\p 

with focus at the origin. 

VII. M> = (Vi-l) 2 ; 
any parabola 

e i9i y"z — e _lfH '\'z = i(Vp + 2 sin §0) 

with focus at the origin is transformed into the parabola 

with focus at the origin. 

One parameter, denoted by r, 8 or p (nine principal types, the linear 
composition of each of these with itself or with another giving a total 
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of forty-five types). There are tabulated below the nine functions which 
map the one-parameter families of conies specified on the parallels to the 
real axis in the Z-plane. When <pi(z) and y«{z) are any two of these 
functions (identical or different), all maps transforming one-parameter 
families of conies into others are found by making 

<Pi(w) = A<pi(z) + B, 

where A and B are constants and A real, and then making the linear 
transformations on z and w indicated at the beginning of this summary. 

VIII. Z = z; 

all parallels to the real axis (special case of I). 

IX. Z = log z; 

all straight lines through 2 = (the circles with center at z = go into 
parallels to the imaginary Z-axis). 

X. Z = i log z; 

all circles with center at • z = (the straight lines through z = go into 
parallels to the imaginary Z-axis). 

XI. Z = z 2 ; 

all equilateral hyperbolas z a + z- = r- with center at the origin and foci 
on the real axis (special case of III). 

XII. Z = log(z 2 -l); 
all equilateral hyperbolas 

e -°M z 2 _|_ e 2W|2 = 2 cos 20 



with center at the origin and foci ± V2cos20e w (which are the end 
points of the diameter with angle of slope 8 of the lemniscate with foci 
at + 1 and — 1). These hyperbolas all pass through the foci of the 
lemniscate. 



XIII. Z = log (z + ^z- - 1) or z = \{e z + e~ z ); 

all hyperbolas with foci at + 1 and — 1 (all ellipses with these foci go 
into parallels to the imaginary Z-axis). 



XIV. Z = - log (z + Vz- - 1) or z = cos Z; 

1/ 

all ellipses with foci at + 1 and — 1 (all ellipses with these foci go into 
parallels to the imaginary Z-axis). 
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XV. Z = Vz"; 

all parabolas VI — Vz = i\p with focus at the origin and the real axis 
as axis (special case of V). 

XVI. Z = log(Vz-l); 
all parabolas 

e J« VI - e-**Wz = 2i sin ^0 

with focus at the origin and passing through the point z = 1. As examples 
of the possible combinations, we may mention the following: It was 
shown in § 5 that 

w = z k 

transforms the two families of straight lines through the origin and 
circles with center at the origin into themselves when k is real and per- 
mutes the two families when k is purely imaginary, and w = z k is obtained 
by composing VIII with itself : 

log w = k log z 

when k is real, but VIII with IX 

k 
log w — -■ • i log z 

1/ 

when k is purely imaginary. 
The map 

c, . n rs . 1 



w = - ( 2 + Vz 2 - l) m + y c ( z ~ ^ ~ 1 ) m 

where m is real, transforms the families of all ellipses and all hyperbolas 
with foci at + 1 and — 1 into themselves, since it is obtained by com- 
posing XIII or XIV with itself : 



or 



log (w + Vu' 2 — 1) = m log (z + Vz 2 — 1) -+- log c, 

1 1 . l 

-. log O + vw' 2 — 1) = m • - log (z + \z 2 — 1) + -. log c. 



